Abstract. Over the past few years considerable attention has been given to the role played by the Zernike polynomials (ZPs) in many di↵erent fields of geometrical optics, optical engineering, and astronomy. The ZPs and their applications to corneal surface modeling played a key role in this development. These polynomials are a complete set of orthogonal functions over the unit circle and are commonly used to describe balanced aberrations. In the present paper we introduce the Zernike spherical polynomials within quaternionic analysis (R(Q)ZSPs), which refine and extend the Zernike moments (defined through their polynomial counterparts). In particular, the underlying functions are of three real variables and take on either values in the reduced and full quaternions (identified, respectively, with R 3 and R 4 ). R(Q)ZSPs are complete and orthonormal in the unit ball. The representation of these functions in terms of spherical monogenics over the unit sphere are explicitly given, from which several recurrence formulae for fast computer implementations can be derived. A summary of their fundamental properties and a further second order homogeneous di↵erential equation are also discussed. As an application, we provide the reader with 3D plot simulations that demonstrate the e↵ectiveness of our approach. R(Q)ZSPs are new in literature and have some consequences that are now under investigation.
1. Introduction 1.1. The Zernike Spherical Polynomials. The complex Zernike polynomials (ZPs) have long been successfully used in many di↵erent fields of optics. These circle polynomials were introduced by F. Zernike's Nobel prize in connection with his phase contrast and knife-edge tests, see [36] . ZPs are the product of a normalization constant by radial polynomials and a pair of trigonometric functions (sine and cosine) [37] , and are especially useful in numerical calculations. The ZPs also played a fundamental role in B.A. Nijboer's theory of aberrations, see [30] . Besides being complete and orthogonal, they possess many remarkable properties such as rotation invariance, robustness to noise, expression e ciency, fast computation and multilevel representation for describing the shapes of patterns. As shown particularly by A.B. Bhatia and E. Wolf, see [2] , ZPs arise more or less uniquely as orthogonal functions with polynomial radial dependence satisfying form invariance under rotations of the unit disk.
For the reconstruction, recognition, and discrimination of 3D objects, the usage of a 2D system seems to be inappropriate and 3D systems are used instead. Generalized Zernike functions were first studied by W.J. Tango in [35] , which provided many of their analytical and algebraical properties, as well as properties that support their appropriateness in optical di↵raction theory. In particular, 3D Zernike spherical polynomials (ZSPs) orthonormal on the unit sphere were introduced by N. Canterakis in [10] . The 3D Zernike moments (through ZSPs) have the advantage of capturing global information about the 3D shape without requiring closed boundaries as in boundary based methods. Recently, there is a renewed interest in the theoretical and computational aspects of the Zernike moments as well as in the applications of these laters to optical design, dynamic analysis and computational geometry. It is from these applications that methods for the detection and characterization of intracranial aneurysms also emerged, and these ideas are now being used in the area of bioinformatics and molecular biology. These studies motivated the implementation of 3D Zernike moments for protein tertiary structure retrieval and comparison of properties on protein surface. Also, 3D Zernike moments are promising descriptors in the field of biological imaging; for instance, these 3D descriptors can be used to build up 3D views of important biological entities such as proteins, nucleic acids, cells, tumors, tissues and whole organs or organisms.
1.2.
Purpose and scope of the paper. During the past few years the theory of generalized holomorphic functions with values in the Hamiltonian quaternion algebra (the so-called monogenic functions) has proved its value in a variety of fields from theoretical to practical problems; it has been developed for decades as a generalization of the holomorphic function theory in the complex plane to higher dimensions and also considered as a refinement of classical harmonic analysis, see e.g. [13, 14, 19, 20, 32, 33, 34] . The present article poses the question of whether the ZSPs can be generalized to the context of quaternionic analysis. We shall mostly confine ourselves to the examination of functions with values in the reduced and full quaternions (identified, respectively, with R 3 and R 4 ); in particular, of monogenic functions as null-solutions of the well-known Riesz and Moisil-Théodoresco systems, see e.g. [26] . One main reason for pursuing this direction is that a su ciently welldeveloped theory already exists for the construction of spherical monogenic systems by means of quaternionic analysis tools. For a general orientation the reader is suggested to check some of the existing pioneering works [3, 5, 6, 7, 9, 12] and [8, 11, 22, 16, 26] , which describe the R 3 ! R 4 and R 3 ! R 3 cases. The idea of the construction of the supported systems is a harmonic function approach based on the factorization of the 3D Laplacian operator into first order di↵erential operators. In this paper, we rely on the system of spherical monogenics presented in [9] ; cf. also [26] . In particular, in [4] it is proved that the rate of convergence for a monogenic function approximated by this system has the same quality as in the similar case of a harmonic function approximated by spherical harmonics (for comparison see [17] ). This gives us an interesting way of motivating addition itself.
With respect to the already mentioned applications it is of theoretical interest to check whether the Zernike functions can be extended if the underlying structure is not commutative as in the case of the quaternion algebra. This understanding could be a basis for more generalizations. Also, it may be fruitful both to enrich the understanding of the properties of these functions in higher dimensions and as tools Aug 14 2013 19:46:35 EDT Version 2 -Submitted to MCOM in such applications of quaternionic analysis in di↵raction theory and related fields. These connections will be revealed to mathematicians, who are working now in what has been largely separate areas, in forthcoming publications. We do honestly expect that the popularity of the ZSPs is still on the rise and will likely see even more growth in the future, due to their promising applications in many fields.
The paper is laid out as follows. In order to make it self-contained, Section 2 gives an overview on some definitions and basic properties of quaternionic analysis. It also recalls a complete orthogonal system of 3D spherical monogenics. The former were introduced in the papers [8, 9, 26] of which could be explicitly expressed in terms of products of Ferrer's associated Legendre functions multiplied by Chebyshev polynomial factors. Section 3 introduces a set of Zernike spherical polynomials taking values in the reduced quaternions (RQZSPs) (see Definition 3.1 below). RQZSPs are orthonormal and complete in the unit ball. The representations of these functions in terms of spherical monogenics on the surface of the unit ball are explicitly given. Some important properties, and e cient recurrence formulae for the RQZSPs are discussed. This helps to reduce the amount of calculations in practice. Section 4 introduces the quaternion Zernike spherical polynomials (QZSPs) defined on spaces of square integrable quaternion functions (see Definition 4.1 below). Some important properties of the system are also mentioned; amongst its periodicity and parity, we show that they satisfy a second order homogeneous di↵erential equation as well (see Theorem 4.8 below). Further to this, in Section 5 we illustrate our approach with 3D plot examples. The final section shows the concluding remarks and discusses how the used methods can be extended within this context. We will not consider concrete applications of the RQZSPs and QZSPs in this paper.
Preliminaries

Basic Notions. Throughout the paper, let
H := {z = z 0 + z 1 i + z 2 j + z 3 k : z l 2 R, l = 0, 1, 2, 3} be the Hamiltonian skew field of quaternions, where the imaginary units i, j, and k obey the laws of multiplication: i 2 = j 2 = k 2 = 1; ij = k = ji, jk = i = kj, and ki = j = ik. As usual, the real vector space R 4 may be embedded in H by identifying the element z := (z 0 , z 1 , z 2 , z 3 ) 2 R 4 with z := z 0 + z 1 i + z 2 j + z 3 k 2 H. The scalar and vector parts of z, Sc(z) and Vec(z), are defined as the z 0 and z 1 i + z 2 j + z 3 k terms, respectively. Like in the complex case, the conjugate of z is the quaternion z = z 0 z 1 i z 2 j z 3 k, and the norm |z| of z is defined by
The quaternion conjugation is an linear anti-involution:
In the sequel, let
be the space of reduced quaternion elements of the form x := x 0 + x 1 i + x 2 j, emphasizing that A is a real vectorial subspace, but not a subalgebra, of H. The real vector space R 3 is embedded in A via the identification 
is a quaternion-valued function or, briefly, a function H-valued, where [f ] l (l = 0, 1, 2, 3) are scalar-valued functions defined in ⌦. By now, it is clear that if [f (x)] 3 ⌘ 0 then f is itself reduced quaternion-valued. Continuity, di↵erentiabil-ity, integrability, and so on, which are ascribed to f are defined componentwise. The A-(resp. right H-) linear Hilbert spaces L 2 (⌦; A; R) (resp. L 2 (⌦; H; H)) consist of all square integrable functions in ⌦ taking values in A (resp. H) that satisfy R ⌦ |f (x)| 2 dV < 1; dV denotes the Lebesgue measure on ⌦ normalized so that V (⌦) = 1. In this assignment, the scalar and (right) quaternionic inner products are defined by
Depending on the case, these integrals will be over the unit ball B or the unit sphere S, and we shall always mention this explicitly.
A central notion in quaternionic analysis is that of monogenicity, which is introduced by means of the so-called generalized Cauchy-Riemann operator
It corresponds to the generalization of the classical Cauchy-Riemann operator
A C 1 function f with values in A is called monogenic in ⌦ if @f = 0 in ⌦. As the generalized Cauchy-Riemann operator (2.4) and its conjugate
factorize the Laplace operator in R 3 in the sense that 3 = @@ = @@, it follows that a monogenic function in ⌦ is also harmonic in ⌦, and so are all its components. This factorization establishes a special relationship between quaternionic and harmonic analyses wherein monogenic functions refine the properties of harmonic functions.
From the operator (2.4) we obtain the usual Dirac operator
+ k @ @y 3 via the equality D = j@i, and the identification
The analysis of functions with values in H requires a di↵erent treatment. Namely, a C 1 function f with values in H is called left (resp. right) monogenic in ⌦ if it satisfies Df = 0 (resp. f D = 0) in ⌦. For simplicity of presentation, we only use left monogenic H-valued functions that, for simplicity, we call monogenic. The case of right monogenic functions may be treated analogously. 
x 2 = ⇢ sin ✓ sin ', with 0 < ⇢  1, the radius of the sphere, ✓ is the polar angle so that 0 < ✓  ⇡, and ' is the azimuthal angle with ⇡ < '  ⇡. The ZSPs form a complete orthonormal system of functions on the sphere, see [10] , and are 3D rotation invariant just like the 2D ZPs do in the unit circle. Let n and l be positive integers, with n l even and nonnegative; these polynomials are defined as products of standard spherical
(2.6)
are, respectively, the normalization factors
It is customary to refer to n as the radial degree and to m as the azimuthal order of e Z (0)
n,l 's. The spherical harmonics 2 are expressed as follows:
where cos(m') and sin(m') are related to the Chebyshev polynomials of the first and second kinds, T m and U m , in the following way: cos(m') =: T m (cos ') and sin(m') =: U m 1 (cos ') sin('); P m l are the Ferrer's associated Legendre functions of the first kind of l-th degree and m-th order. In this assignment, the sign convention of including the Condon-Shortley phase is adopted:
The polynomials e Z
n,0 independent of ✓ are the spherical aberrations, which play a fundamental role in the di↵raction theory of aberrations, see [30] . The fundamental references for the ZSPs are [10, 21] (and the references cited therein).
The radial polynomials R (l) n are given explicitly as follows, see [21] :
Although the notation is uncommon, we denote by e Y and o Y acoording to the parity of the Chebyshev polynomials; see (2.7) below.
2 Although the Legendre polynomials P 
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and normalized so that
In (2.8), P (↵, ) (x) denotes the classical Jacobi polynomial of degree in x, and with real parameters ↵ and , see [1, Ch. 22] ; the P (↵, ) (x) satisfy the second order linear homogeneous di↵erential equation
The radial polynomials are either even or odd, depending on n or l:
Before we proceed further, we need to prove some preliminary results.
Proposition 2.1. Let n and l be positive integers with n l even and nonnegative. A recurrence is
n (⇢) (n 2) where the coe cients C 1 and C 2 are constants given by
and D(n, l, ⇢) is a polynomial of degree 2 as
Proof. It follows straightforwardly from known recurrence formulae for the Jacobi polynomials. ⇤ Proposition 2.2. Let n and l be positive integers with n l even and nonnegative. The polynomials R (l) n satisfy the second order di↵erential equation
Proof. Since by definition the radial polynomials R (l) n are expressed in terms of the Jacobi polynomials P (0,l+
, using (2.9) the result follows in a straightforward way. ⇤ 3 For a more unified formulation we make the convention that R (l) n are the zero functions for l > n.
2.3. The 3D Spherical Monogenics Revisited. As we have seen the ZSPs are defined as products of radial polynomials and angular functions; in 3D the angular function set was chosen as the complete orthonormal system of spherical harmonics (2.7) defined on the sphere. In quaternionic analysis, a suitable set of angular functions would be an orthonormal and complete system of spherical monogenics. The (reduced-and) quaternion Zernike polynomials under consideration depend fundamentally on the underlying angular spherical monogenics that are chosen in each case. More specifically, the construction of ZSPs with values in A requires the consideration of an orthogonal system of spherical monogenics that is complete in L 2 (S; A; R) T ker @. In this case, for each n and l so that n l is even and nonnegative, we choose a set of 2l + 3 functions whose extensions in the ball form an orthogonal basis for the space of monogenic A-valued polynomials in the sense of the scalar product (2.2) (see Property 2 below). For the construction of ZSPs taking values in H the choice of the angular functions is made by the consideration of a set of l + 1 spherical monogenics, complete in L 2 (S; H; H) T ker D and orthogonal in the sense of the quaternionic product (2.3) (see [34] and [12, Remark 1]).
We now recall an explicit complete orthogonal system of spherical monogenics in 3D required for subsequent derivations. The treatment is only introductory since we have not attempted to cover all the ongoing research. For a more detailed presentation, we refer the reader to [9, 26] ; cf. also [16] .
In all that follows, we denote by e X (·)
where the azimuthal order m is so that 1  m  l + 1
Having in mind the Laplacian factorization, it is easily seen that the extensions in the ball of the spherical monogenics, respectively, e X (0), †
are monogenic (more specifically, they are a total of 2l + 3 homogeneous monogenic polynomials with values in A). The spherical monogenics are of the form; see [26] :
4 For the sake of simplicity, we denote by X l can be seen, respectively, as a refinement of the aforementioned spherical harmonics, and correspondingly they constitute an extension of the role played by the well-known Chebyshev and Ferrer's associated Legendre functions; for more details see [16] .
We shall conclude this survey by mentioning some properties of these functions. 
These functions play the role of constants with respect to the hypercomplex derivability (known as hyperholomorphic constants), see [15] .
Definition and Properties of RQZSPs
This section introduces a set of generalized Zernike spherical polynomials and studies some of its important properties. The consideration of a standard system of ZSPs for its construction allows us to use some well-known results like its orthogonality and completeness on the unit sphere. As a consequence of the interrelation between ZSPs and Chebyshev and Ferrer's associated Legendre functions, the constructed Zernike A-valued polynomials are related to the Chebyshev and Ferrer's functions as well. The solution procedure is presented as a generalization of the 3D treatment using the aforementioned spherical monogenics. To the best of our knowledge, this subject has not been studied before.
3.1. RQZSPs. The strategy adopted for the construction of reduced quaternionvalued Zernike polynomials (RQZSPs) is the following: we start by considering the aforementioned complete orthogonal system of spherical monogenics 
where the radial polynomials R (l) n are given by (2.8), and
For the sake of simplicity, we denote by Z (·) n,l any polynomial of the set
n,l : m = 1, . . . , l + 1}, for each n, l 2 N 0 so that n l is even and nonnegative. n,n : m = 1, . . . , n + 1} forms a basis for the space of A-valued homogeneous monogenic polynomials of degree n, and is orthogonal in the sense of the scalar product (2.2) with ⌦ = B.
Proof. For the case l = n the radial polynomials R (l) n simplify to monomials of degree n, such that R n,n coincide, up to a real constant depending on n and m, to X
n introduced above. The orthogonality follows from the relation
n,l are, in general, not homogeneous. Nevertheless, they can be rewritten as a product of radial polynomials of order n l by homogeneous monogenic polynomials:
In addition, notice that when m = l + 1 the resulting polynomials e Z The RQZPs are given in the following tables for the cases n = 0, 1, 2 in Cartesian coordinates. Table 1 . n = 0, 1 Radial degree (n) l Azimuthal order (m) RQZPs 
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The next proposition shows the interesting relations between the RQZSPs and the classical ZSPs. Besides their obvious importance these formulae also permit to determine orthogonal relations between the coordinates of the corresponding polynomials in a direct way but they are not needed in the present article and will not be further discussed here. n,l satisfy the recurrence formulae: 
Remark 3.6. Under these conditions, the previous recurrence relations allow to find all the functions, since for each degree n it is easy to find all the initial values e Z n,l (m 1) follow the same principle and are therefore straightforward. ⇤
By direct inspection of previous expressions one has
As a direct consequence, we obtain the following recurrence relation.
Corollary 3.1. Let n and l be any integers so that n l is even and nonnegative.
The polynomials e Z (0)
n,l satisfy the following recurrence formula: r 2(2l + 1)
n,l j = 0 for m = 1, . . . , l + 1 (l = 0, 1, . . . ), with the starting value (3.3).
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In view of the practical applicability of the aforementioned polynomials, it is also of interest to prove an explicit three-term type recurrence rule between them.
Proposition 3.4. Let n and l be any integers so that n l is even and nonnegative. For each n 2, the polynomials Z (·) n,l satisfy the three-term type recurrence formulae:
where C 1 and C 2 are given by (2.11)-(2.12), and the polynomial D(⇢) as (2.13).
Proof. It follows straightforwardly from Proposition 2.1. ⇤ Remark 3.7. In case l = n, C 2 vanishes and Z (·) n+2,n can be obtained directly from Z (·) n,n for each n 0. 3.3. General properties. In the sequel, we summarize some fundamental properties of the RQZPs.
Theorem 3.8. For any integers n and l so that n l is even and nonnegative, Z (·) n,l satisfy the following properties:
n,l are either even or odd, depending on n or l; .2) a direct computation shows that
. Similarly, one may show that all of the remaining polynomials are mutually orthonormal in the sense of the scalar product (2.2). ⇤ Remark 3.9. There are precisely 2 ⇥ n+1 2 ⇤ + 3 ⇥ n 2 ⇤ + 1 linearly independent RQZSPs of degree n.
Definition and Properties of QZSPs
4.1. QZSPs. We shall now be able to extend our results to a quaternionic Hilbert subspace; in particular, we construct the quaternion Zernike polynomials (QZPs), whose study will require us to explore a new situation. In continuation of the previous results we define the new polynomials by Let n and l be any integers so that n l is even and nonnegative. For m = 0, . . . , l (l = 0, 1, . . . ) the polynomials defined by
are called the quaternion Zernike spherical polynomials (QZSPs). Based on previous representations we formulate a first preliminary result. Proof. For the special case l = n the polynomials Q Z (m) n,n coincide, up to a real constant depending on n and m, with the following system of homogeneous monogenic polynomials:
This system is complete in L 2 (B; H; H) T ker D and orthogonal in the sense of the quaternionic inner product (2.3); see [3] . ⇤ Remark 4.5. Notice that, following the usual definition of ZSPs, we could also define the QZSPs by the help of the angular function set constituted by the restrictions to the sphere of the above basis polynomials.
The next proposition shows interesting relations between the QZSPs and the classical ZSPs. 
Let n and l be any integers so that n l is even and nonnegative. For each n 2, the polynomials Q Z (m) n,l satisfy the recurrence formula: .3) a straightforward computation shows that
In particular, each integral on the right-hand side is of the form
where in each integral (I), (II), (III) and (IV) we have a sum of functions scalarvalued. For simplicity of presentation, we compute (I). The remaining integrals follow the same procedure and are therefore straightforward. We now formulate the main result of this subsection. 
From the linearity of the operator 3 E(E + 3) we obtain
where the last step follows from the di↵erential equation (2.14). We can prove a similar result for the polynomials o Z (m) n,l . Since the operator is scalar its action on Q Z (m) n,l is given by According to Proposition 4.2, a direct observation shows that for any integers n and l so that n l is even and nonnegative, the polynomials Q Z The primary purpose of this study was to introduce an extension of the classical ZSPs within the quaternionic analysis setting. They are called the RQZSPs and QZSPs. They are orthonormal and complete in the unit ball. In our point of view the systems can be fairly seen as generalizations of the 3D homogeneous monogenic polynomials recently exploited by several authors. The representations of these polynomials in terms of spherical monogenics on the surface of the unit ball are given explicitly, ready to be implemented on a computer. This is an important point for all the applications mentioned in the introduction (requiring the accurate and rapid calculation of these functions) and it makes them accessible within the range of practical calculations. Amongst other properties of the polynomials, we show that they are eigenfunctions of the second order di↵erential operator 3 E(E + 3). Further research on this topic is now under investigation and will be reported in forthcoming papers.
Recent studies have shown that these generalized ZSPs are closely related to the well-known prolate spheroidal wave functions (PSWFs) or Slepian functions on symmetric domains, see [18, 29] ; the PSWFs have recently found useful practical applications in numerical analysis, nuclear modeling, signal processing and communication theory, electromagnetic modeling and physics. The authors are currently attempting to explore this connection in detail, and they will report it in a forthcoming paper. Moreover, we aim to generalize the RQZPs and QZPs either to 4D by choosing a suitable complete and orthogonal set of angular monogenic polynomials (cf. [24] ) while generalizing the radial polynomials R l n (⇢) via certain weights. At the same time, we attempt to extend them to di↵erent (and more general) domains such as prolate and oblate spheroids, and cylinders; see [23] and [25, 27, 28] .
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